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Local Buckling of Filled Sections
Howard D. Wright*

Summary

The buckling capacity of plates in contact with a rigid medium is
greater than that for free plates.
Such plates occur in sections
filled with a suitably stiff material. Classical analysis is used to
compare restrained and free plates.

Introduction
The design of cold formed sections generally requires detailed
consideration of the possibility of local and global buckling. Of
particular interest is the limitations on section geometry imposed by
the local bucking of the compressed plates. The determination of the
maximum breadth to thickness ratio for such a plate has significant
implications for the economy of the section as a whole.
The onset of buckling in compressed plates is influenced by the
material properties, imperfections and boundary conditions.
In thin walled steel sections the material is normally cold worked mild
steel.
Such steel exhibits linear elasticity, a definite yield and
varying degrees of plasticity and strain hardening.
It is unusual for
post yield behaviour to be taken into account to quite the same extent
as for hot rolled sections.
Post yield buckling is referred to in some
current codes of practice (1,2,3) although the conditions for the use
of a post yield reserve of strength are often onerous.
Cold formed sections exhibit some variation in cross section dimensions
and are prone to residual stresses as a result of the forming process.
The magnitude of the effect of these imperfections is similar to that
caused by differential cooling in hot rolled sections and is often
accounted for by using material safety factors.
The manufacturing process associated with cold formed sections leads to
the boundaries between plate assemblies being of varied geometry. The
forming process may strain harden the material along the fold but is
unlikely to alter the stiffness significantly. Boundaries between
plate elements are normally assumed t ; be pinned as rotation in one
plate can easily give rise to rotation in the adjoining plate.
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The analytical validation of cold formed section designs has generally
used the principle that .the component plates of the section may be
considered individually as far as local buckling is concerned.
Classical elastic plate buckling theory is used to evaluate the load at
which buckling may occur. The capacity of plates subject to higher
loads may be evaluated using effective width or thickness methods.
Optimisation of section geometry usually involves the introduction of
ribs along the central portion of the plate which may either stiffen
the plate or allow it to be considered as two individual plates and
edge lips which constrain the plate to buckle as though·it were
supported on both edges.
This paper looks at an alternative to the introduction of ribs as
stiffeners. By introducing a contact ~terial the buckling resistance
of a plate may be increased substantially. This requires the section
to be of a particular form and to be infilled with a suitable stiff
medium. Figure 1 shows possible section geometry's.
The benefit associated with infilling sections in this way is effected
by the change in buckle geometry generated. Whilst a plate in a
conventional cold formed section is free to buckle in and out of plane
and is assumed to have boundary conditions approximating to pin
supports, The plates in an in filled section can only buckle away from
the infilling and may have support conditions closer to a fixed
support. The assumed behaviour of conventional and infilled section
plates subjected to pure compression is shown in figure 2.
In this paper classical plate buckling theory and the incremental
theory of plasticity is used to evaluate the maximum breadth to
thickness ratios for plates in contact with a rigid medium and these
are compared to conventional plates. Both the elastic and plastic
buckling strengths are considered as it is possible that the use of
infilling may allow post yield buckling of compressed plates to be
used.
Whilst these predictions are theoretical and, as yet, not validated by
experimental data they do indicate the benefit that may accrue from
using infilled sections. The paper provides a brief review of the
theory used to determine breadth to thickness ratios of plates in
contact with a rigid medium. This includes plates subject to post
yield buckling and plates subjected to pure compression, bending
compression and shear. Comparisons are then made between flange and web
plates of unfilled and filled tube sections. Conclusions regarding the
use of filled sections are also presented.
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Theory
The determination of breadth to thickness (bit) ratios for plates
buckling whilst restrained by a rigid medium has been developed at some
length by the author in references 4 and 5. The following is an
abridged version of the analysis.
There are three separate stages to the analysis; the development of an
elastic plate buckling capacity, the development of a plastic plate
buckling capacity and the modification of these to account for
imperfections and residual stress.
The first two stages use the energy method described by Timoshenko and
Gere (6). The energy required to cause the plate to deform into an
assumed buckled shape equation 1 is equated to the energy associated
with the application of in-plane load on the plate equation 2.
In the
case of unrestrained plates the buckle shape defined by w may be
described in terms of sine function.
For the restrained plate cosine
function or a mixture of sine and cosine functions are required.
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it is possible to obtain breadth to thickness ratios when buckling just
occurs for plates of any shape defined by w.
For the elastic case the material stiffnesses of the plate D'x' D'y D'xy
and G' may all be described in terms of the elastic Young's modulus and
the Poison's ratio. This reduces the mathematics considerably and it
is a relatively simple matter to determine the bit ratios for plates
with a range of boundary conditions.
If the plate is considered to have strained into the plastic region
then the material stiffnesses will be different in each direction.
There is also a more complex relationship between the stiffness in the
principle directions and the shear stiffness. Haaijer (7) and Haaijer
and Thurliman(8) used the incremental theory of plasticity to determine
plate stiffnesses. This work forms the basis for the bit ratios given
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in many hot rolled steel codes of practice. Table 1 is reproduced from
reference 5 and describes plate stiffnesses calculated for a typical
mild steel of yield strength equal to 36 ksi (248 N/mm2 ) , Young's
modulus of 29733 ksi (205,000 N/mm2 ).
The introduction of varying plate stiffnesses means that orthotropic
plate theory must be used in the determination of bit ratios.
It
should be noted that the plastic plate stiffnesses assume that the
whole plate has reached yield and that the steel has begun to strain
harden.
Strip steel used for cold formed sections does not always
exhibit a clear yield as the plastic plateau has been reduced by the
rolling process. However it is assumed here that stiffness of the
material when strain hardened is similar to that achieved for nonworked steel.
Both hot rolled and cold worked steel are likely to have imperfections
and residual stresses. Both of these will reduce the buckling
capacity, however for plates buckling in the plastic region the
influence of residual stresses is negligible as the whole section is
assumed to have reached yield strain.
Both imperfections and residual
stresses may be accounted for by the introduction of a safety factor.
This may be applied to the assumed yield strength of the material.
For
example if it is ass~ed that the steel has a yield strength of 36 ksi
(248 N/mm2 ) substituting a value of, say, 1.5 times this in the analysis
leads to appropriate bit ratios (1.5 is used in the later calculation
of bit ratios in this paper). The mechanism for this approximation is
demonstrated in figure 3.
In the determination of the bit ratios described above the choice of
deformed shape is likely to influence the accuracy of the method.
Figures 4 to 7 are reproduced from reference 5 and show the assumed
shape and expression used in evaluating the bit ratios presented later
in the paper.
It will be seen that for internal flanges expressions for plates with
pinned and fixed edges are presented.
It is the author's· view that for
a filled tube the boundary condition will approximate to the fixed
condition, however in some cases the flexibility of the fold line may
mean that either the pinned or some intermediate condition should be
assumed.
In all cases it is assumed that the length of the plate is much greater
than the width which allows the aspect ratio (the buckle length divided
by width) to be minimised. Thus the bit ratios derived are the minimum
likely for a long plate. In addition to this the angle at which
buckles form when a web plate is subjected to shear will also influence
the buckling capacity. This angle has again been evaluated to minimise
the buckling capacity.
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Using these approximations and the energy method it is possible to
determine bit ratios for most common situations of plate buckling.
Table 2 presents these ratios. Comparison of bit ratios for
unrestrained plates with values quoted in Codes of Practice validate
the author's procedure as can be seen in table 3.
It can be seen from table 2 that substantial improvements in bit ratios
are possible when the plate is restrained by a rigid medium.
For
example an internal flange may be up to 64% wider, outstand flanges may
be up to 55% wider, webs subject to bending up to 190% deeper and webs
subject to shear up to 78% deeper.
In each case it is assumed that the
boundary conditions of the restrained case approximate to the fully
fixed condition.
It is also possible that more effective use of plastic behaviour may be
made in these situations. The stability of the compressed part of the
section will be much improved by the presence of the mass of material
providing restraint to the component plates. This added stability of
the section as a whole, including the improved global stability will
allow the development of post yield strains prior to buckling collapse.
This assumes a premis that the filling material itself may have
strength and stiffness and could contribute to the section behaviour.
This will, of course depend upon the bond between the two materials.
Bond is also important to ensure that the rigid material remains in
contact with the plate. It is possible that this bond may also restrain
the plate and help to prevent buckling although this has not been
considered in this paper.
Maintaining contact between the rigid material and the plate will
depend not only upon bond but also on the geometry of the section.
This latter aspect is, perhaps more critical as bond may be unreliable
for some infilling materials such as concrete.
It has been assumed in
the analysis that the contact between the steel and infill material is
maintained prior to the buckle developing. This demands that the
infill material does not shrink or move away from the contact surface
in any way. Consequently the most suitable sections are closed in form
like the tubular section shown in figure 1 although shapes like the
infilled lipped channel may also provide sufficient resistance. The
use of partial infilling as shown by the Z section in figure 1 would
enable the dead weight of the in fill to be minimised whilst ensuring
that the compressed plates are restrained from buckling. However the
ability of this section to hold the infill in position would need to be
tested experimentally.
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Potential use of filled sections

The use of infilling to improve the buckling resistance of cold formed
sections will depend upon the nature of the filling material, the
construction logistics and the increase in capacity achieved.
Possible filling materials include concrete, plastics, rockwool and
wood products. Concrete is an obvious choice which is linked to the
potential of composite behaviour. The material is cheap easily moulded
and readily available. It is, however, heavy and has limited tensile
strength leading to poor bond characteristics. Despite these
disadvantages it is already being used for composite slabs, columns and
has been proposed for beams (9). Plastics, in the form of expanded or
aerated products are also commonly employed in roofing and cladding
panels. Here the main use of the infill is for insulation and
consequently the form of the plastic is such that it has relatively low
stiffness. Although this stiffness may be sufficient to provide some
restraint it is unlikely that the analysis suggested in this paper
would apply. Plastics that are light and rigid enough to allow the
current analysis to be used are available but are expensive. Rockwool
can be produced in varying densities and rigidities and may form a
suitable infill material although the forming process is such that it
cannot easily be formed in-situ but would have to be press fit into the
steel section. The same is true for wood products such as chip and
particle board.
The production of filled sections may be either as prefabricated
elements or as in-situ construction; each of which has its advantages.
Prefabricated elements which are filled at the factory may take
advantage of controlled environment manufacture that may be beneficial
in terms of use of specialised filling materials such as plastics
rockwool and wood based products and the maintenance of quality
control. Ready filled sections may, however, be more difficult to
stack causing problems with economical transportation. In-situ
construction, on the other hand, provides a means by which a light
skeletal frame of unfilled members may be erected. This frame then
providing formwork for the infill. In this case the infill may well
form a composite part of the element resisting applied loads as well as
restraining the component plates from buckling.
The potential increase in capacity of an element will, therefore,
depend upon the strength and stiffness of the in fill and the extent to
which the infill restrains the component plates in buckling.
For elements carrying mainly compression such as columns and struts the
benefit of infilling the section is directly related to the performance
of the infill and the improvement in buckling resistance caused by the
contact of the rigid medium. For the latter case an approximation of
the improvement may be determined directly from Table 2. For a square
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tube subjected to pure axial load the plate bit ratios can be increased
by up to 64% when the section is infilled as shown in figure 8.
For elements carrying mainly bending the presence of an infill of nonnegligible stiffness may alter the section modulus and position of the
neutral axis (as is the case when the infill is concrete).
The benefit
of filling a box section beam with concrete will be greater than when
the same section is used as a column.
For most practical cases the
benefit will involve a comparable increase in compression flange bit
ratio but a considerable increase in the web bit ratio. The presence of
concrete in compression raises the neutral axis high in the section as
shown in figure 8.
The resulting depth of steel in compression is
generally small and as can be seen from table 2 the allowable bit
ratios are high.
Consequently the depth of the section (or the
thickness of the web) may be increased substantially.
For sections subjected mainly to shear the use of infill may improve
the possible bit ratio by up to 78%.
However in this case it is likely
that the in fill material will provide significant shear resistance and
this may well be in excess of the required section resistance.
Consequently the use of infill to improve shear resistance of sections
is unlikely to be of benefit.
In all of these cases it is essential to bear in mind that the addition
of an infill may increase the dead load carried by the element.
It may
be that the increase in dead load associated with infilling a beam
section with concrete is such that it negates the benefit gained from
the increase in buckling resistance.
Consequently the use of infilling
may be more appropriate to column sections where the weight of the
infill may be self supporting.

Conclusions
This paper has described the development of an analytical process
whereby the breadth to thickness ratios at which buckling just occurs
have been derived for thin plates subject to compression, bending
compression and shear. The analysis includes plates that are in
intimate contact with a rigid material along their plane and where
plastic strains are expected.
Comparisons between plates not restrained by a contact medium and those
that are show that significantly greater bit ratios may be appropriate
for the latter situation.
The use of infilled cold formed sections is discussed.
Suitable infill
materials and appropriate section geometry's are described along with
methods associated with this form of construction.
The likely areas
for performance benefit are also discussed and it is surmised that
columns may be the most appropriate element that could be infilled.
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The use of infilling in beams will depend upon self weight of infill
material and the use of infilling for increased shear resistance is
likely to depend more on the infill material than the improved plate
performance.
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Nomencl.ature
a
b
n
t

Length of plate
Breadth or width of plate
Integer number of wavelengths in a given breadth of plate
Thickness of plate
Deformation perpendicular to the plate
Maximum deformation perpendicular to the plate
Coordinate directions
Plate stiffness in the x orientation
Plate stiffness in the y orientation
Plate stiffness in the xy orientation
Plate shear stiffness
Plate material stiffness in the x orientation
Plate material stiffness in the y orientation
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D'xy

G'

Plate material stiffness in the xy orientation
Plate material shear stiffness
Factor regulating the slope of shear buckle in a web
Stress in the X orientation within the plate
Stress in the y orientation within the plate
Stress in the xy orientation within the plate
Shear stress in the xy orientation within the plate
Energy associated with deforming the plate
Energy associated with applied loading
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Elastic

Table 1

1966 (13553
32351 (223052
7928(54659
2527 (17425

Plate stiffnesses for steel at the
commencement of strain hardening.
ksi (N/mm2 )

Plate
I
Internal flanoe
!simplv supported
Simplv supported
Fixed edaes
Outstand f1anae
Simplv supported
Fixed edaes
Slmplv supported
Fixed edaes
Web bendina
!simplv supported
Simplv supported
Fixed edaes
Webshearr
Simply supported
Simplv supported
Fixed edaes
Table 2

Plastic

32674 (225275
32674 (225275
9802 (67582
11436 (78846

Plate stiffness D'x
Plate stiffness D'v
IPlate stiffness D'xv
Shear stiffness G'

Infilled Ref Plastic

Elastic

No
fifes
Yes

a
b
b

31
37
50

42
50
69

No
No
Yes
Yes

c
d
e
f

8
15
11
26

14
27
20
42

No
lYes
Yes

la
h
i

67
77
90

106
126
307

No
Yes
Yes

k

48
53
84

64
70
114

I

bit ratios for plates shown
in figures 4 through 7
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Plastic
Internal flange
B55950: Part 1 26
EC3
30
30
AI5C
~uthor's method 31
Outstand flange
B55950: Part 1 8
EC3
9
~15C
10
~uthor's method 8
Web bending
B55950: Part 1 79
EC3
66
AI5C
102
Author's method 67
Web shear
B55950: Part 1
EC3
AI5C
Author's method 48

Table 3

Elastic
39
39
44
42
15
14
15
14
120
114
154
106
60
64
66
64

Comparison of bit ratios quoted
in Codes of Practice.

432

• <

~~~
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Lipped
Channel
Figure 1

Tubular
section

Possible section geometry's suitable
for infilling

Plate free to
buckle in and
out of plane
Figure 2

Partially
Filled Z

Plate restrained
by rigid medium

Buckling modes for unrestrained and
restrained plates
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Stress
Assumed
yield

Actual
yield
Buckling
curve

b/t ratio
Figure 3

Typical situation

Approximate allowance for residual stresses

Assumed plate
buckle

Approximate expression

a)
W= Wc (sinnx) (sin~)
a
b
b)

W = Wc (1 - cos 2 n x ) (sin~)
2
a
b
W = Wc (1-cos 2 nx )(1-cos 2ny)

2""
Figure 4

a

b

Assumed buckling shape for internal flanges
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Typical situation
c)

Assumed plate
buckle

b
l'"1~t

I' 67
d)

W=Wc (sin1lx).1...
a b

b

[~I
-I
IL'
'00

,:..
e)

Approximate expression

b

j~1
,""

~

b

l'"1~t

'ot ; , '
p,

rr

".tI.

Figure 5

U
6?
ff

w=wc (sin1lx)

a

y2
~

w= we (1- cos21lx) y
-a- 11
2

w= we (1 - cos 21lx) y2
2~

-a-

Assumed buckling shape for outstand
flanges subject to compression
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Typical situation

Assumed plate
buckle

Approximate expression

g)
W= IWn(sinm()(sinnny)

a

b

h)
W= I

Wn (1-cos2nx )(sin n ny)

a

2

b

W =~n (1-cos2nx )(1-cos2nny)

2

Figure 6

Assumed buckling shape for webs
subject to bending

Typical situation

i)

Assumed plate
buckle

.
i.··
t~
OJ
--j

b

a

Approximate expression

r-

! .....

(3

b

/ .. ....

W= wc(sinny )(cosE..(x-{3y))

b

i

a

j)
W = WcC1-cos2ny )(CDSE..(X - (3y))

'2

b

a

w=Wc(1-cos2nY)(1-cos2E..(X-{3y))

'"4

Figure 7

b

a

Assumed buckling shape for webs subject
shear.

436

approx 1.64 x
Tube subject
>1 to compression 1<
>1

bit = x

I,

Filled tube subject
to compression

OJI"

bit = x

"I

1. 64x

approx
I"

Tube subject
to bending

B-J-

1.64 x
>1

Filled tube subject
to bending

i-----:-i, -----:

-

:. ... 'II:

~~
.... ;

!'-Neutral axis

greater than 1.64x

Figure 8

Comparison on tubes subject
to compression and bending

